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Abstract 

A conjecture related to the Bartnik quasilocal mass, is that the infimum of 
the ADM energy, over an appropriate space of extensions to a compact 3-manifold 
with boundary, is realised by a static metric. It was shown by Corvino [Gomm. 
Math. Phys. 214(1), (2000)] that if the infimum is indeed achieved, then it is 
achieved by a static metric; however, the more difficult question of whether or not 
the infimum is achieved, is still an open problem. Bartnik [Comm. Anal. Geom. 
13(5), (2005)] then proved that critical points of the ADM mass, over the space 
of solutions to the Einstein constraints on an asymptotically flat manifold without 
boundary, correspond to stationary solutions. In that article, he stated that it 
should be possible to use a similar construction to provide a more natural proof of 
Corvino’s result. 

In the first part of this note, we discuss the required modifications to Bartnik’s 
argument to adapt it to include a boundary. Assuming that certain results con¬ 
cerning a Hilbert manifold structure for the space of solutions carry over to the 
case considered here, we then demonstrate how Bartnik’s proof can be modified to 
consider the simpler case of scalar-flat extensions and obtain Corvino’s result. 

In the second part of this note, we consider a space of extensions in a fixed 
conformal class. Sufficient conditions are given to ensure that the infimum is realised 
within this class. 

* stephen.mccormick@une.edu.au 
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1 INTRODUCTION 


1 Introduction 

The Bartnik mass is often cited as the gold standard definition of a quasilocal mas^, if 
only it were possible to compute for a generic domain. The mass of a domain in some 
initial data 3-manifold is as taken to be the infimum of the ADM mass over a space 
of admissible extensions to D, satisfying the Einstein constraints. In Ref. [2], where 
Bartnik first defined the quasilocal mass now bearing his name, it is conjectured that 
this infimum is realised by a static extension to D. 

In 2000, Corvino proved part of this conjecture (Theorem 8 of Ref. [9]); he proved 
that if a minimal ADM energy extension exists then it must be static. Note that we 
differentiate between the energy and the mass - the latter being the absolute value 
of the energy-momentum four-vector, while the former refers to the component that 
is orthogonal to the Cauchy surface. It was then shown by Miao [16] that this static 
extension must also satisfy Bartnik’s geometric boundary conditions; that is, the metric 
and boundary mean curvature agree on either side of dO. Later, Bartnik suggested that 
a variational proof of Corvino’s result, based on extending his work on the phase space 
[3] to manifolds with boundary, would be more natural. 

In the first part of this note, we discuss how Bartnik’s analysis may be modified 
to the case where the data is fixed on the boundary to provide an alternate proof of 
Corvino’s result. The extensions considered here fix the first derivative of the metric on 
the boundary, which is a stronger condition than the usual Bartnik data. In the context 
of the Bartnik conjecture, and in light of Miao’s result, one would like to consider 
extensions that fix the mean curvature of the boundary while, rather than fixing the 
first derivative of the metric. It would also be interesting if one can obtain Miao’s 
result within this framework. However, it is not obvious how to develop the appropriate 
variational principle in this case; this is to be the subject of future work. 

In Section [2] we discuss the Hilbert manifold of extensions to be considered, which 
is essentially Bartnik’s phase space with boundary conditions imposed. In Section O 
we introduce energy, momentum and mass definitions, and demonstrate how Corvino’s 
result on static extensions can be obtained. Finally, in Section we consider a space 
of extensions in a prescribed conformal class. We give sufficient conditions to ensure 
that the inhmum is realised within the hxed conformal class. However, as above, the 
boundary conditions considered here are not appropriate to be of direct significance to 
the Bartnik mass. It would be interesting to hnd a larger class of initial data for which 
a similar argument is possible, and impose Bartnik’s geometric boundary conditions. 

^We borrow the phrase “gold standard” from a quote by Hubert Bray in a Duke University press 
release. 
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2 THE PHASE SPACE 


2 The phase space 

Let be a smooth asymptotically flat 3-manifold with smooth boundary, S. We also 
assume that Ai has only a single asymptotic end; that is, there exists a compact set 
K D Tj such that Af \ iL is diffeomorphic to minus the closed unit ball, (j) : Ai\K ^ 
M \ -Bo(l)- On Ai\K we define g to be the pullback of the Euclidean metric via 4 >, and 
let r be the Euclidean radial coordinate function composed with (f). On K, g is extended 
to be smooth, bounded and positive definite, while r is smooth and bounded between ^ 
and 2. Throughout, “o” will indicate quantities defined with respect to the background 
metric g. In order to include the asymptotics and prescribe the data on the boundary, 
we define the weighted Sobolev spaces, which are equipped with the following norms: 


Mp,5 = 


M 


I |p —Sp—Si 

\u\ r dgo) 


esssup_v((r ^\u\), 


Mk,p,s = 

j=0 


p < oo, 
p = oo, 


( 2 . 1 ) 

( 2 . 2 ) 


The spaces and are defined as the completion of smooth, compactly sup¬ 

ported functions on Af \ S with respect to these norms. Spaces of sections of bundles 

2 k 

are defined as usual and we use the standard notation Wg’ = H§. We also make use of 
the spaces and Hg, defined as the completion of smooth functions with bounded 

support on Ai. That is, the overline indicates spaces of functions that vanish on the 
boundary, in the trace sense. 

Initial data for the Einstein equations is given by a Riemannian metric g and a 
contravariant symmetric 2 -tensor density tt, on a 3-manifold AI. Motivated by the 
Bartnik mass, we are interested in the space of asymptotically flat extensions to a region 
II in a given initial data set (Ai,g, 7 r). In the context considered here, an extension to fi 
is an asymptotically flat manifold AI with boundary S that may be identified with dfi 
via a diffeomorphism, such that the initial data agrees across the boundary. 

Let TT be some fixed symmetric 2-tensor density that is supported near S. We then 
consider a choice of g, which we are free to specify near E, and /t as providing our 
boundary conditions; explicitly, we define the spaces 

Q := {g e S 2 ■■ g > 0 , g - g e /C := {vr E 5^ (g) : vr - ^ G ^- 3 / 2 }, 

3 2 

where A is the space of 3-forms on AI, and S 2 and S are symmetric covariant and 

contravariant tensors on AI respectively. Initial data ( 5 , vr) G A := ^ x /C on AI is to be 
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2 THE PHASE SPACE 


thought of as an extension of some where g and tt are given by extending g and ff into 
Ai; that is, 0 can be glued to Ai along the boundaries and data on ft can be extended 
into Ai. However, while this is the motivation for fixing the data on the boundary, we 
do not make reference to g and if, as g and n may be freely specified. Note that the 
space A imposes both the asymptotics and boundary conditions. 

The constraint map, <h : T" —>• Af C L?_ 5 / 2 (A^ x T*A4 0 A^), is given by 

^oia, tt) = R{g)y/g - (2.3) 

= 2Vfc7rf. (2.4) 

The constraint equations are then given by ^{g,'K) = {IGnp, IGirj^), where p and A are 
the source energy and momentum densities respectively. 

Bartnik’s work on the phase space relies on the use of weighted Sobolev-type in¬ 
equalities, most of which remain valid on an asymptotically flat manifold with boundary 
(see Theorem 1.2 of Ref. [T]), although some care should be taken with the use of the 
weighted Poincare inequality. As such, it is straightforward to verify that the majority 
of Bartnik’s proof, showing the level sets of ‘h are Hilbert manifolds (cf. Conjecture 
12.11 below), is valid in the case where Ai has a boundary and the initial data has the 
boundary conditions imposed by A. The place that Bartnik’s proof, when applied to 
this case, breaks down is in proving the linearised constraint map is surjective. In fact, if 
M = L?_ 5 / 2 (A^ X T*Ai ® is?) then this is almost certainly false. Nevertheless, we expect 
the following conjecture to be true and intend on pursuing a proof of this as part of 
future work. 

Conjecture 2.1 (cf. Theorem 3.12 of Ref. [3]). For some Af, ^ is a smooth map of 
Hilbert manifolds and D^(g,TT) is surjeetive at eaeh point {g,7r) € ^ x K. It then follows 
from the implieit function theorem that the level sets o/<h are Hilbert submanifolds of A. 

That is, the space of possible extensions to a given domain 11 is a Hilbert man¬ 
ifold; we refer to this as the constraint submanifold, and use the notation C{p,j) = 
$ ^(IhTTyO, IhTTj). It should be noted that such a result is required for the arguments 
outlined in Section [3l 
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3 Static metric extensions 

The total ADM energy and momentum are respectively given by 

IdirE := I g’"{Vk9ij-'^j9ik)dS^, (3-1) 

J OO 

Ihvrpj := 2 ® Ti^jdSK (3-2) 

J OO 

Note that we omit reference to g in writing dS, as the definitions are independent of 
the asymptotically flat metric used to define the area measure (cf. Lemma 13.31 below, 
particularly its application in the proof of Proposition 13.2p . Note that we have also 
made a slight abuse of notation here, as vr is in fact a density. Often the quantity E is 
called the mass, however we reserve the term mass for the quantity, m = e"^ — \p \^; 

we assume the dominant energy condition here to ensure this is real. 

We are now in a position to discuss critical points of the mass/energy over the space 
of extensions, and in particular show how Bartnik’s work is easily adapted to give another 
proof of Corvino’s result on static metric extensions. Previously, the author considered 
evolution exterior to a 2-surface ffU; however, the data was not fixed on the boundary 
so the conclusion is somewhat different. In the context of the static metric extension 
conjecture, it is more interesting to consider fixed boundary data. 

It should be emphasised here that this section is to be understood as a discussion, 
or commentary, on the implications of Bartnik’s earlier work, rather than a new in¬ 
dependent work. It is our hope that Conjecture 12.11 is established in the near future, 
and furthermore that the boundary conditions can be replaced with Bartnik’s geometric 
boundary conditions. A variational argument such as this, with boundary conditions 
directly relevant to the Bartnik mass, would be of significant interest. 

Proposition 3.1 (cf. Corollary 6.2 of Ref. [3])- Fix ( 5 , vr) G C{p,j), where {p,j) S 
. Assume that Conjecture \2.1\ holds, and further assume that a weak solution, X to 
D$(( 7 , 7r)*[A] = / for f G T^ 5 / 2 ('S'^ ® ^ is indeed a strong solution; that 

is, if X £ Af* satisfies 

[ X-D<^{g,7r)[h,p] = [ f ■ {h,p) 

Jm Jm 

for all {h,p) G Ti^g,^'^F, then 7r)*[A] = /. Then if Dm{g,'K)[h,p\ = 0 for all 

{h,p) G T(^g .,^^C{p,j), ( 5 ,vr) is a stationary initial data set. 

The assumption that weak solutions imply strong solutions is a result obtained in 
proving the analogue of Conjecture 1 in [3]; it is expected to be true here too. Note 
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3 STATIC METRIC EXTENSIONS 


that Conjecture 12.11 and the additional condition regarding weak solutions are precisely 
the requirements for the arguments given in Sections 5 and 6 of [3] to hold. In fact, 
Proposition 13.II follows directly from these arguments if one replaces the function spaces 
used there with ours, which include boundary conditions. The proof of Proposition 13.21 
is essentially the same argument; as such, we only present this and refer the reader 
to [3] for the proof of Proposition 13.11 Note that Proposition 13.11 above differs from 
Corvino’s static extension result, which in our framework is essentially Proposition 13.21 
below. Let R(g) = R(g)y/g, and note that Conjecture 12.11 implies DR{g) : TgQ —)• TgAf^ 
is surjective, where A/q is the projection of M onto the first (A^) factor. In the following, 
a static initial data metric is to be taken as a metric g such that there exists a function 
N, asymptotic to a constant, satisfying DR{g)*[N] = 0. A well-known result of Moncrief 
[TH] (see also Ref. M) implies that the evolution of such an initial data metric is static. 
In fact, explicit calculation shows 

_ ■■ N ■■ 

DR{g)*[N] = (V*V^N - AgN - NRic"^ + —Rg"^)^/^, 

which reduces to the well-known static vacuum equations (cf. Ref. [S]) when R = 0. It 
is worth noting that such an N is unique up to scaling, provided the initial data is not 
flat m- Stationary initial data in the context of Proposition 13.11 is to be understood 
similarly. 

Proposition 3.2. Fix g G C{p) = {g ^ Q '■ R{g) = IGvrp}, where p ^ . Assume that 

Conjecture lg.il holds, and further assume that a weak solution, Aq to DR{g)*[XQ\ = f 
for f G L-5/2(‘5^ Cl A^), is indeed a strong solution; that is, if Xq G Mq satisfies 

[ XoDR{g)[h]= [ f-h 

JM Jm 

for all h G TgQ, then DR{g)*[XQ] = f. Then if for all h G TgC{p), we have DE{g)[h\ = 0, 
it follows that g is a static initial data metric. 

Proof. Fix some constant G M, then for N satisfying {N — N,^^) G 
consider the following Lagrange function for the Hamiltonian constraint: 

L{g-,N) = N^E{g) - [ NR{g)^. (3.3) 

JM 

Note that this is essentially the Regge-Teitelboim Hamiltonian with the momentum set 
to zero. While this Lagrange function is well-defined on C{p), it is not the case for a 
generic g £ Q. However, by writing the energy as the volume integral of a divergence 
over Ai (cf. Proposition 4.5 of [3]) the terms combine and the dominant terms cancel 
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out. In particular, the regularised Lagrange function, 


L,,^ig;N)=[ {N^-N)R{g) 

JM 

+ [ (3.4) 

JM 

is well defined on all of and equal to L{g] N) where the latter is defined. The first 
integral clearly converges since p ^ and the second is bound by noting that the 
dominant term in R{g) is g'^iykPigij — kgji): when expressed in terms of the 
background connection (see Proposition 4.2 of [3], and the explicit expression for R{g) 
can be found in Appendix A of [IS])- Now we show that if {N — N^) € kP^’ 1/2 then we 
have 

Dy,^{g-,N)[h] = - [ h- DR{g)*[N], (3.5) 

JM 

where DR{g)* is the formal adjoint of DR{g). This is easily seen by direct calculation, 
making use of the following Lemma. 


Lemma 3.3 (Lemma 4.4 of Ref. |3|). Let Sji he the Euclidean sphere of radius R, Ej^ 
be the exterior region to S^ - the connected component of A4\Sji containing infinity - 
and Afi be the annular region between 5^ and 52/j. Suppose u G then for 

every R> Rq, 


j) lulls' < cR^/^||m|| 1,2 

J Sa 


(3.6) 


where c is independent of R. 


Note first 


h • DRigTlN] - NDR{g)[h] = X\Ny,hl - v4,,) + - h^V,N)Vff, 

and then taking the integral of this divergence over Ai results in several boundary terms; 
those on dM vanish due to the boundary conditions. The boundary terms at infinity of 
the form hXN are o(r ), and controlled by 

< 0(R'/')sup|h|||iV||2,2,-l/2 =0(1) 

'S’fl 

therefore the surface integrals at inhnity also vanish. Now, by rewriting 

V\NiV,hl - = V\iN - N^){Vyt - Vy.j) + N^y.hl - V4,,.)) 
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we see that the integral of the first term again vanishes, since 

||(1V - iVoo)Vh||^i(^^^ < sup \N - iVooll|/i|| 2 , 2 ,-l /2 = 0(1). 

Sr 

We are therefore left with 

/ {h-DR{g)*[N]-NDR{g)[h])= [ {N^V\V,hl - 
Jm Jm 

By making similar use of V — V and ^ we establish ()3.5p , which is valid for all 

h G TgG. 

We now employ the following theorem of Lagrange multipliers for Banach manifolds 
(see Theorem 6.3 of 13]). 

Theorem 3.4. Suppose K : Bi ^ B 2 is a C^ map between Banach manifolds, such that 
DK{u) : —)■ is surjective, with closed kernel and closed complementary 

subspace for all u G iL~^(0). Let f G C^{Bi) and fix u £ then the following 

statements are equivalent: 

(i) For all v G kerZDiL^, we have 

Df{u)[v]=0. (3.7) 

(ii) There is X £ {Tx[u)B 2 )* such that for all v £ T^^Bi, 

Df{u)[v\ = {X,DK{u)[v]), (3.8) 

where {,) refers to the natural dual pairing. 

Let K{g) = R{g) — IOtt/j, so that C{p) = K ^(0) and TgC{p) = keT{DK{g)), and let 
f{g) = L,,^{g\N). 

Then if (7 is a critical point of the ADM energy over the space of extensions satisfying 
R{g) = IGvrp, we have DE{g)[h] = 0 for all h £ ker(DAr(g()); that is, (i) in the above 
theorem is satisfied. It follows that there exists A G (T^^g^A/)))*, such that 

-[ h-DR{gnN]=Df{g)[h]= [ XDR{g)[h] 

Jm Jm 

for all h £ TgQ. That is, A is a weak solution to DR{g)*[X] = F, where F = —DR{g)*[N] £ 
2 2 3 

L_ 5 / 2(5 ( 8 ) A ). By assumption, this is a strong solution and we therefore have 

D7?(ffr[A + iV] = 0 ; 


that is, 5 is a static initial data set, with static potential (A + N) —>■ N^ at infinity. □ 
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It is clear that Theorem 13.41 should imply a converse statement, however little can 
be said about this without explicitly knowing M. 

Remark 3.5. If g £ then an argument of Fischer-Marsden (cf. Ref. 
Proposition 2.3) says staticity implies R{g) = 0. In particular, the above result then 
implies for p / 0, any critical points of the mass (subject to the hypotheses holding) 
should be rougher than C . If the condition g G C can be weakened to g G then 

one concludes that there are no critical points of the mass for p ^ 0. 


4 Energy minimisers in a fixed conformal class 

A standard approach to simplify the constraint equations is to look for solutions within 
a fixed conformal class (see Ref. [1] and references therein); in this case, the Hamiltonian 
constraint becomes elliptic. Here we make use of this simplification by considering the 
space of extensions to H within a given conformal class. Specifically, we consider a fixed 
metric g G Q and consider extensions of the form g{(l)) = with (f G For 

simplicity, we assume that AA is diffeomorphic to \ that is, we consider the 

most natural extensions to Ll. This affords us the use of the weighted Poincare inequality 
(see, for example, Lemma 3.10 of Ref. [3j). 

It should be emphasised that the boundary conditions imposed by the condition 
—2 

(p G H_i /2 are too strong to be of direct significance to the Bartnik mass. While 
motivated by the Bartnik mass, the results in this section are simply of mathematical 
interest; it is the hope that similar ideas can be used to prove the existence of a minimiser 
in a much larger class of extensions, and therefore gain insight into the computability 
of the Bartnik mass. One natural candidate for a larger class of extensions would be to 
consider Brill initial data, using a variation of Dain’s mass functional (see, for example, 
HO]). 

The scalar curvature oi g = e^^g is given by the well-known formula, 

R[g) = e~^^{R - 8|V(/)p - SKP), 


where ~ indicates quantities defined with respect to g. This allows us to write the 
conformal constraint map, 6 : H?-i/ 2 (-^) x /C —)• L?_ 5 / 2 (A^ x T*A4 (8) A^), as 


4>o((/>,7r) 

^i(0,7r) 



{R - 8|V0|^ - 8A0) 


ik jl\~— 
- 2 ^ ^ )9 



(4.1) 

(4.2) 


From this point on, we will raise and lower indices, and consider the weighted Sobolev 
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norms, with respect to g rather than g or g. Note that the domain of $ enforces the 
boundary conditions on ( 5 , vr); in particular, the conformal metric g must itself be an 
extension of Lt, although it need not necessarily satisfy the constraints. 

Proposition 4.1. For any (p G h‘^_ii 2 , we have g = e^'^g G Q. 

Proof. It is clear that e^'^g is positive-definite, and using the standard weighted Sobolev- 
type inequalities we have. 


— g\\2.2-l/2 < “ l|l2,-l/2 + IIV</’ll2,-3/2 

+ l|e^'^^^</’ll2,-5/2) 

Halloo,“ III 2 -I /2 + l|e‘^'^lloo,oll^'/'lll,2,-3/2)- 

Note that (p is continuous by the Morrey embedding and le"^"^ — 1| < 5|(/>| near infinity, 
so lle^"^ — l|| 2 ,-l /2 < OO. □ 

_2 

Proposition 4.2. Assume (</>,vr) G ^I_i/ 2 (.^) x ^ satisfies = IQ-Kp, where 

p G L?_3(A^(A1)) is the source energy density. The ADM energy can then be expressed 
as, 

le-irE = le-irE + f {{8\Vp\^ - R)^/§ + TTij - ^(TTkf)/ ^/^ + 167re~‘^‘^ p) , (4.3) 

where E is the ADM energy of g. 

Proof. First we write E in terms of p and g, 

le-irE = I d4Vfc((/))ftj -h Vk9ij - j9i^ dS^ 

J oo ^ ' 

= / °9^ U^k{P)9ij + '^k9ij - 4Vj(</>)ftfc - dS^ 

J oo ^ ' 

+ / f - 1) UVk {pr9^j + Vkkj - 4V,- iP)gik - V^gik) dS^. (4.4) 

J OO ^ ' 

Lemma 13.31 can now be used to control the second integrand in Eq. (14.4p , 


- 1 ) (4Vfc(0)ft, + Vk9ij - 4V,■(</>)to - V,to) dS^ 

< C||e^'^ - l||oo:Sfl(ll5llcx):Sflll^<('lll:Sfl + ll^^llliS^) 

< 0 (i?^'^^)||e'^‘^ - l||oo:5fldl5llcx):Sflll^<('lll,2,-3/2 + IIi_2,-3/2) ■ 

Now making use of the continuity and asymptotics of e"^p and g, the right-hand-side 
simply becomes o(l) and therefore vanishes as R tends to inhnity. Eq. (|4.4p now 
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becomes 

IGttE = I g’^ UVk{(l))gij + Vk9ij - ^j9ii^ 

which can be expressed in terms of the energy, E, of g, 

16ttE = 16ttE + 4 / g’' (Vk{(p)gij - ^j{<P)9ik) dS^■ 

Joo ^ ' 

Since {g — g) & -f^-1/2 V(/> = dcj) = V(f>, Lemma IHTHl can again be used to conclude 

levrL; = IGttE + 4j) g^ dS^ 

= 16TrE-8(f Vj(j)dSY 

J OO 

It is now simply a matter of applying the divergence theorem and making use of the 
Hamiltonian constraint (14.11) to complete the proof. □ 

Henceforth, when we write E{(f), vr), we mean to take (14.dp to be the dehnition of the 
energy, which is well-defined provided both R and the source are integrable. 

In the vacuum case (/? = 0), if i? = 0 then it is clear from (14.31) that the energy of 
any solution g in the conformal class of g has energy greater than E, with equality only 
\i g = g. That is, if there exists a metric g in the conformal class of g with R{g) = 0 and 
appropriate boundary conditions satisfied, then the infimum of the energy is attained 
by g. Generically such a scalar-flat extension does not exist though, as our boundary 
conditions on V(/> are too strong to ensure this. An argument of Cantor and Brill [7] 
proves the existence of scalar-flat metrics when no boundary is present, and a similar 
argument can be used to guarantee the existence of such an extension under Dirichlet 
boundary conditionj^; however, this argument does not hold for the (stronger) boundary 
conditions here. 

Note that the proof of Proposition 14.21 requires the vanishing of Xg on S; if we 
relax the condition on V(/>, there is an extra surface integral on T, corresponding to 
the difference in the mean curvatures due to g and g, reminiscent of the Brown-York 
quasilocal mass [6]. Interestingly, imposing Bartnik’s geometric boundary conditions 
enforce that this term indeed vanishes. 

Now we will need the following estimate for the proof of the main result of this 
section. 

^To the best of the author’s knowledge, this argument hasn’t been explicitly published; however, it 
is almost certainly true and we intend on explicitly verifying this as part of another project. 
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• • 12 

Proposition 4.3. For u G ’ and e > 0, it holds that 

ll'wlU,^ < c(e)||u||2,5 + e||u||i_2,5- (4.5) 

Proof. This follows from the weighted Holder and Sobolev inequalities, the definition of 
the weighted norms, and Young’s inequality: 

8,35/4 

|6,5 
1,2,5- 


I II II 1/4 3/4|| 

Mi,5 = \\U ' U' 114^5 

^ II 1/4|| II 3/4| 
< m in -. • ii.i< ' I 


18 


,5/411 


u 


II l|l/4|| i|3/4 

= I|ll|l2;5 \Mfi,5 

< c(e)||ii||2,5 + e||M| 

< c(e)||u||2,5 + e||n| 


□ 


The main theorem is divided into the two following, related statements: 

Theorem 4.4. Let be the set of (</>, tt) G x /C, satisfying the following 

conditions: 

(i) 4>o(0,vr) > 0, 

(a) (j) > —a, 

(Hi) G -^-3- 

Then either the infimum is achieved over , or for all minimising sequences (i^„,7r„) G 
, that is sequences satisfying lim £l((^„,7r„) = inf E{(p,Tr), we have that 

n^oo 


max{||$((/>„,7r„)||2_5/2-,, 


112,-5/2-6-1 

-r-rr-} —)■ OO 

IIVT *711 ^ 

II YjVln ll2,-5/2-e 


for all e G (0, ^). 

Theorem 4.5. Let = {((/>,vr) G lMii 2 {Ai) x K, : ^((/),vr) = 0}. Then either the 
infimum is achieved over , or for all minimising sequences (<))„, vr^) G , we have 
that IIJ'-^j* ll2,-5/2-^ ^ OO ^ii g g (0, 4). 

W'^j'^n ll2,-5/2-e 

Remark 4.6. The conditions (i) and {Hi) simply state the source energy density is non¬ 
negative and the total energy is finite, while condition {ii) prevents the limiting metric 
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from becoming degenerate. In Theorem \4.4\ the alternative 7rn)ll2,-5/2-e oo 

simply excludes the possibility that source energy-momentum blows up as the ADM energy 
is minimised, which one imagines is certainly never the case for an initially integrable 

11 ^ 11 

source. The alternative, oo, unfortunately doesn’t have an obvious 

ll2,-5/2-e 

physical interpretation. 


Since the two theorems are similar, we prove them simultaneously, noting the relevant 
differences. 


Proof. From Proposition 14.21 we have 


ll^'^ll2,-3/2 + ll'^ll2,-3/2 ^ 327r(S — E) 2 f R\f^ 

Jm 


M 

- 2 tt [ e"^‘^4>o(0,7r) 
Jm 

< 327rE + C. 


(4.6) 


This implies that if the initial data is sufficiently large then we can guarantee that the 
energy is large. Let S be either of the sets or 5'^, and define Eq = inf(^ ,r)eS '^)- 
Now let (0„,7r„) be a sequence in the constraint set such that £'(0„,7r„) —)• Eq. Note 
that (14.61) and the Poincare inequality imply that there exists a constant K such that for 
2 > K, we have E{(j),TT) > Eq-\-1. That is, truncating the beginning 

2 < K. In particular, extracting a sub- 


11^,1 


-1/2 X.f'-3/2 


nj '^nj 11//I 


1/2 xL_ 3/2 


of the sequence if necessary, 

1 2 

sequence if required, ((/>„, vr^) convergences weakly in H_ij 2 x L_3/2 to a limit, {4>ooi'^oo)- 
It remains to be shown that {(poo^'^oo) G S. 

In the following, it will be convenient to let iJg = ~e/2, then we assume that 

max{||4>(/^^, 7r^)||2 _5/24-2<5n; 11-'° ” I < (7^ and prove below that the infimum 

’ ^ ° l|Vj7r„ ||2,_5/2+2io 

is realised in S. 

Proposition 14.31 and the definition of $o 

Wnh, -5/2+25o - cmh -5/2+25o + ll^<(’nll4,-5/4+(5o + IKn lll-5/4+5o 


+ ||e vr„)||2^_5/2+25p) 

< c(e)(l + ||7r„|||_5/4+5jj + ||V((>„||2,_5/4_,_5^) 
+ f(IKnlll,2,-5/4+<5o + ll'^'/’nlll,2,-5/4+5o)’ 


(4.7) 


which follows from the assumption ||^(0n)'^n)ll2,-5/2+25o ^ ^ condition (ii) for the 
proof of Theorem 14.41 and from 4>((^„,7r„) = 0 for the proof of Theorem 14.51 
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Similarly, the assumption 


\\2,-5/2+2Sq 

^^■^^112,-5/2+250 


< C and the definition of gives 


^"^71112,-5/2+250 — 't’nWA-b/A+So IKnll4,-5/4+5o 

+ ||e 7r„)||2 _5/2+25o) 

<c(||Wnlll -5/4+5o + lknlll-5/4+5o + 1) 

< c(e)(||V 0„||2 _5/4+5o + IKnlll-5/4+5o + 

+ f(l|V0nlll,2,-5/4+5o + lknlll,2,-5/4+5o)- (^■^) 


We now recall the scale-broken estimate (Theorem 1.10 of Ref. [T], Proposition 4.13 
of Ref. [13] ): 

11^112,2,5 < C (^||Au|| 2,5_2 + ||'w||2,o) • (4-9) 

Note that the application of the scale-broken estimate here requires e 7^ Combining 
(|4.9I) with (|4.7p . applying the weighted Poincare inequality (cf. Lemma 3.10 of Ref. [3|) 
to (|4.8p . and choosing e sufficiently small gives 

ll'?^nll2,2,-l/2+25o + IknIIl,2,-3/2-|-25o < C ^1 -|- ||</>n lll,2,-l/4-|-5o + IKnll2,-5/4+5o) 

< C ^1 -|- ||</>nlll,2,-l/2 + ll^nll2,-3/2) ) 

1 2 1 

since (^0 > “4- Weak convergence in i7_4/2+25o ^ -^-3/2-i-25o follows, and since Sq < 0, the 
weighted Rellich compactness theorem (Lemma 2.1 of Ref [8]) implies strong convergence 
in H^i/2 X -^'-3/2- 

At this point we consider S = S'^ explicitly, and demonstrate that if ((?!>„, vr^) G , 
then ((/>oo5^oo) ^Iso satishes conditions (i) — {in). Consider 

Fn = {R- 8|V0„|^ - 8 A(/.„)a/^ - {ttI - ^(trg7r„)^)5"^/^. 

Note that the |V0„|^ and vr^ terms converge weakly in L?.5/2 since 

2 2 2 
11"^ ll2,-5/2 = lkll4.-5/4 < C'IKIIi,2,-3/2- 

2 2 1 
Furthermore, as the map vr 1—)• vr is a bounded polynomial function from L_3/2 to L_^, it 

is smooth (see, for example, Chapter 26 of m) ; that is, vr^ converges to vr^ strongly in 

LI3 and by uniqueness of limits tt^ converges weakly in LI5/2 to tt^. Note that |Vi;/)„|^ 

is similar. By simply integrating A(/>„ against a test function and integrating by parts, 

it is clear A(/)„ converges to weakly in L_^/ 2 - It follows that converges weakly 
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in L?. 5/2 to 

Foo = {R- 8 |V 0 ool^ - - (vr^ - ^(trg7r^)^)ff"^/^. 

We prove > 0 by contradiction; assume there is a bounded set U £ A4 such that 
< 0 on U. Let Xu be the characteristic function of U, then by the weak convergence 
of we have 

[ Rn = [ RnXU ^ [ RXU = [ Rqo- 
ju Jm Jm Ju 

Since — 0 by assumption, we have a contradiction and it therefore follows that 
^oi'Poo^'^oo) ^ 0- An almost identical, albeit simpler, argument shows > —a, and 
from the definition of E it is obvious that f < oo. We therefore conclude 

(^oo! '^oo) ^ Ra • 

The case S = is similar, albeit much simpler. 

□ 

Remark 4.7. Theorem \4-4\ still holds without the assumption of condition (i), however 
it is more interesting to impose the weak energy eondition. 
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